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In [3], Jacobson gives conditions in Jordan theory analogous to the 
conditions of Ore’s theorem for associative integral domains. He suggests 
that these conditions on a Jordan ring J might imply that Jean be embedded 
in a Jordan division ring. 
Here we restrict our attention to the Jordan ring of symmetric elements of 
an associative ring with involution. Although we consider the problem of 
integral domains in this restricted case our main result is more general. 
Our approach is via Goldie’s theorem [2] for associative rings: T has a ring 
of quotients which is semi-simple Artinian if and only if T is semi-prime, 
contains no infinite direct sum of left ideals and satisfies ACC on left annihi- 
lator ideals. If one replaces semi-prime by prime, then we replace semi-simple 
by simple. One can easily see that the conditions put on left ideals is implied 
by ACC or DCC on left ideals, when T has an involution. From this point of 
view we state our main result. 
MAIN THEOREM. If R is an associative ring with involution * of charac- 
yistic f2 such that the Jordan ying of symmetric elements, H, is prime and 
satisfies either ACC OY DCC on quadratic ideals and if M is the maximal 
*-ideal in R such that M n H = 0 then R/M has a ring of quotients which is 
*-simple Artinian. 
We shall see that the main theorem implies that H has a “Jordan ring of 
quotients” which is of the type given by the second structure theorem, 
[3, p. 1791. 
Before tackling the task at hand we give some preliminary definitions and 
results. 
Let J be a Jordan ring. If a is an element in J then U, is the linear mapping 
on J given by U,(b) = 2a . (a b) - a’2 . b. Defining primeness as did 
Chester Tsai in [5], J is prime provided that if A and B are ideals in J such 
that U,(B) = 0, then A = 0 or B = 0. Clearly if A and B are ideals in J 
and A . B = 0 then U,(B) = 0. Q contained in J is said to be a quadratic 
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idead of J provided Q is an additive subgroup of (J, i) and U,(J) 2 QS 
A nonempty set (QJ of nonzero quadratic ideals will be called a direct system 
provided Qi n Qj = 0 for i # j and that if (Qn : n E IV) and (QI : 1 ~%j are 
subsets of (Qi), where N AL = $3, then the quadratic ideal generated by 
ZQ, intersected with the quadratic ideal generated by EQz is 0. A direct 
system (Qi> is infinite if there are infinitely many elements in the set (QJ. One 
can easily see that this is an analogue of direct sums of ideals of an associative 
ring. An element a of J is said to be regular if U, is injective. Jr is said to be 
a Jordan integral domain if J # 0 and every nonzero element in ] is regular. 
If J is a Jordan integral domain then J is said to satisfy the common multipie 
property, cmp, if given any nonzero elements a, 6 of J then 
hFINITIOiC. The Jordan ring J’ is said to be a Jar&~ r&g of ~~~~~~~s 
for J if: 
(I) there exists an isomorphism ~5 J -+ 7; 
(2) every regular element of J is invertible in J’; and 
(3) every element of J’ is of the form U,;&(f(b)) for a, 6 in J with a 
regular in J. 
Let R be an associative ring with involution x; let H(R) = (x E 
and let K(R) = {x E R: x * = -xl. An ideal A of .l? is said to be a *-ideal if 
A = A*. R is said to be *-prime if for all nonzero*-ideals A, B ofI?, A 
R is said to be “-simple if 112 # 0 and it contains no proper nonzero * 
W’e shall say a ring has characteristic f2 if 2x = 0 implies x = 0. We shall 
consider N(R) as a subring of I?+ with the product a . b = a@ + 
th.e product on the right side is the product in the associative ring 
E&(b) = 4aba. 
General Assumption. Unless otherwise stated we are assumin 
associative ring of characteristic #2 with involution 4 and M = 
prime Jordan ring. 
= Z{A: A is an ideal of R contained in K(R)]. Thus, M is an ideal 
contained in K(R) so that M3 = 0. We shall use T to 
e can easily see that T is a *-prime associative ring of char 
with involution * given by (x + M)* = x* + M an that the canonical 
homomorphism from R onto T establishes an isomorphism between H and 
H(T).1 The *-primeness of T is equivalent to T containing a prime ideal P 
such that P A hp* = 0, Martindale [4]. 
1 Since we are taking rings of quotients we may assume that R is an algebra over 
a commutative associative ring with l/2. 
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Erickson and Montgomery [l] have proven that our general assumption 
implies that His nondegenerate in the sense that U,(H) = 0 for a E H implies 
a = 0. 
LEMMA A. Let A be a nonxeYo left ideal of T. 
(i) IfC=A,(A)={x~T:xA=O}thenCr\C*=O. 
(ii) If A n H(T) = 0 then A*A C A n K(T). 
(iii) If A n H(T) = 0 then Q = {a + a*: a E A} is a quadratic ideal of 
H(T). 
Proof. (i) Since C is the left annihilator of a left ideal, C is an ideal so 
that C r\ C* is a*-ideal. (C n C*)A = 0 implies C n C* C P or A $ P and 
C n C* C P* or A _C P*. But A # 0 implies C n C* is contained in one of 
P or P* and hence in both. Thus, C n C* = 0. 
(ii) A n H(T) = 0 im pl ies a*b + b*a = 0 for all a, b in A. Thus, 
A*A _C A n K(T). 
(iii) Let h E H(T) d an a E A, so that a*ha E A n H(T) = 0 and by 
nondegeneracy aha* = 0. Thus, U,+,,(h) E Q for all h in H(T), and Q is a 
quadratic ideal. 
LEMMA B. If h # 0 is a regular element in the Jordan ying H then 
h = h + M is a regular element in the associative ying T in the sense that if 
x=x+ M is in T and s = 0 then x E M. 
Proof. Suppose h # 0 is regular in H, and A,(h) = (x E R: xh E M>. It 
suffices to show A,(h) C K(R). Let x E A,(h). U,(x + x*) = 0 so that by 
the regularity of h we have x + x* = 0, and, hence, A,-(h) C K(R). 
COROLLARY. If x is a regular element of H(T) and if y is an element of T 
such that xy = 0 then y = 0. 
LEMMA C. If Z’Ai is a direct sum of left ideals in T and Ai n H(T) # 0 
for all i then (Qi = A, n H(T)} is a direct system of quadratic ideals in H(T). 
Proof. Let{Qn. = A, n H(T): n E N}and{Q, = A, n H(T): 1 EL), where 
N n L = @. Let X = (&A,) n H(T) and Y = (2YLA,) n H(T). Clearly X, 
Y and the Qi’s are quadratic ideals in H(T). X n Y = 0 since 
Xn YC,ZNA,n.ZLA, =O. 
Thus, {Q4} is a direct system. 
LEMMA D. If zIzi is an injinite direct sum of nonzero left ideals in T such 
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that A,*A, = 0 = Ai n H(T) f or all i then N(T) contahs an iq%zite direct 
system of quadratic ideals. 
Proof. Let Qi = (a + a*: a E A&. Q,i = 0 implies A, 6 R(T) which in 
turn implies A, = 0 in T. Thus, Qi # 0 for all z‘. 
By the *-primeness of T and the fact that Ai*& = 0, 0, we see tbat 
infinitely many of the Ai’s are in P or infinitely many are in P”. Thus, we 
may assume Ai _C P for all i. Let (Qn : n E N} and (Qz : 1 EI,} be finite subsets 
of (QJ where N n L = $3. Let X = 2Qn = (a + a*: a E 2.YNA,) and 
Y = .cYQ$ = {a + a*: a E .ZLA,). Since ZNA, C P, Z,A, _C P and PI? P* = 0, 
we see that X and Y are quadratic ideals, by Lemma A. Let x E X A Y, so 
that for some choice of a,‘s and aL’s, x = Z;\,(an $- a,*) = ZL(al + al*). 
Thus, N = .Z,va, + p* and x = ZLal f$r*, where p,*, p* EP”, so that 
2&a, - &at =p,* - p* = 0, since the right side is in P* and the left side 
is in P. This gives us that ,&,,a, E ZNA, n 2YLAi = 0 so that x = 0. Hence, 
X n Y = 0 and H(T) contains an infinite direct system. 
LEMMA E. If N(T) satisjes either ACC QY DCC on quadratic ideals then 
H(T) co&aim no injinite direct system of quadratic ideals. 
Proof. Suppose {QJ is an infinite direct system of quadratic ideals. Let 
X, be the quadratic ideal generated by ZInQi so that X, C .X2 C X3 C ‘.. is a 
properly ascending chain of quadratic ideals. Let T(, be the quadratic ideal 
generated by ZnmQz . We claim that if m < 1z then Qyfi r\ Y, = 8. One can 
see this by expressing Y, as the union of Zh’s k 3 n, where Z, is the qua 
idea! generated by Z;lkQi and noticing Z, n Qm = 0 for all k. 
THEOREM 1. If H(T) contains no in$nite system of quadratic ideals thez T 
contains no in$nite direct sum of left ideals. 
P/oaf. Suppose Z$ is an infinite direct sum of left ideals of T indexe 
ositive integers. By Lemma C, we may assume A, r\ H(T) = 0 fo: 
y Lemma D, we may assume A,*& f 0 for all i. I+ Lemma A, 
A,*A, c X(T). Thus, each Ai contains a nonzero skew, say ,czi . Suppose that 
for each n, (Taa, + Ta,,+l) n H(T) # 0. By Lemma C, we would have an 
infinite direct system since Z( Ta,, + Taz,+J is an infinite direct sum. Thus, 
for some choice of n, (Tag, + Ta2,+l) n H(T) = 5. We shall show that this 
cannot occur and then our proof will be complete. 
a2n+lta2n + a2nt*a2n--l = Q 
for all t E T. Thus, aZnflTazn = a21zTa2n+l = 0, ut this contradicts 
Lemma A. 
Let A be the left annihilator of S C T and 23 be the right annihilator of A 
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so that A = AL(S) = {x E T: xS = O> and B = {x E T: Ax = O}. It. is easy 
to see A = A,(B). Therefore, whenever we have a properly ascending chain 
of left annihilators we have a corresponding properly descending chain of 
right annihilators. 
LEMMA F. Let A = AL(S) and B = A,(A) both be nonzero and H be a 
Jordan integral domain. Then 
(i) A n K(T) = OifandonlyifBnK(T)=O; 
(ii) ;f A n K(T) # 0 then B = A*. 
Proof. (i) Suppose A n K(T) + 0 and B n K(T) = 0. By the corollary, 
AnH(T)=O=BnH(T).LetOfkEAnK(T)andbEB. 
k2EAnH(T)=0 
so that (bk - kb*)k = - kb*k E A n H(T) = 0. Therefore, bk - kb* = 0, 
by the corollary, and Bk C B n K(T) = 0, contrary to Lemma A. By 
symmetry (i) is proven. 
(ii) IfAnK(T)#OthenBnK(T)#O,by(i).LetOfkEAnK(T) 
and 0 f k, E B n K(T). As shown above bk - kb* = 0. Thus, 
kB*Bk = (.Zkbj*b,k: bj , b, E B} 
= {Zbjkkb,*: bj , b, E B) = 0 
since k2 = 0. Therefore, B*B = 0 by Lemma A, so that B* 2 A. Similarly 
AA* = 0 so that A* _C B. 
THEOREM 2. If H is a Jordan integral domain and contains no injnite 
direct system of quadratic ideals then T satis$es the Goldie conditions. 
Proof. Since H is isomorphic to H(T), it suffices to show that T satisfies 
ACC on left annihilators. Let A, _C A, C ... be an ascending chain of left 
annihilators and B, 1 B, > ... be the corresponding descending chain of 
right annihilators. By Lemma F we may assume Ai n K(T) = 
0 = Bi n K(T) for all i. By Lemma A, Ai*Ai = 0 = B,B,*. Thus, Bi _C P 
or Bi C P* for all i, and, hence, Ai = 0, P, or P*, for all i. 
If S is an associative ring with involution * and W is a ring of quotients 
for S then * given by (a-16)” = b*a*-l is an involution on W where a, b E S 
and a is not a divisor of 0. 
The following theorem takes care of the integral domain situation as 
described by Jacobson for our restricted case. 
THEOREM 3. If H is a Jordan integral domain then the following are 
equivalent: 
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(i) H satisfies the cmp; 
(ii) H contains no in$nite direct system of quadratic ideals; 
(iii) T has a ying of quotients with involution which is one of the f~~~~wi~%; 
a divisors Fing D, D @ Do where D is a division &g and Do is an antiisomo~p~~c 
copy of D with the exchange involution, OY 2 x 2 matrices oZtep a Jield whose set 
of synzmetric ebments is equal to its center. 
Proof. (i) implies (ii) is clear. 
(ii) implies (iii). 
By Theorem 2 T has a ring of quotients, say W. It is easy to see that W is 
y Lemma B, every nonzero element in H(T) is invertible in H7. 
Let a-lb be an arbitrary element in H(W). We may assume a E 
a-V = b*a-r so that ba = ab*. ba is invertible in N(W). Thus, a-% is 
invertibie in H(W). Therefore, W is an associative *-simple ring in which 
every symmetric element is invertible. J. Marshali &born classified all such 
rings as those given in (iii) (see [3, p. 1661). 
(iii) implies (i) is easy to check. 
LEMMA G. Let A, C A, C ... be a prope@ ascelzding chain of Eejt an&i- 
Iators and B, 3 B, 3 ... be the corresponding properly descendilzg chain of right 
a~~ihi~ato~s 
(i) If N(T) satisjies ACC on quadratic ideals then Ai n N(T) f 0 for 
some i. 
(Bi) If N(T) satisJies DCC on quadratic ideals then Bi n N(T) # 0 ,foiov 
all i, 
zTyoi7f. Suppose Ai n H(T) = 0 for all i. Let ,O; = (a + a*: a E A&. By 
Lemma A, pi is a quadratic ideal. There exists an nz such that Q,, = ,O,,k+i 
for i > 0. 
Let x E Amii for i 3 1, so that x = y + y” - .x’” for so-me y in A, ~ 
y* - x* E AZ,: implies A,+i _C A, + Az+i so that 
B~+i(&+$m) C (Bm+tAi+m) Bm = 0. 
Thus, I&i - C P* and A,,,B, 2 P* or B,,+, C P and A,+,B, 2 P. Thus, 
P # 0. assume Bmii C P so that P* C Amii . Now let p be a nonzero element 
in P. a*$* + pa E A,+i n N(T) = 0 for all Am+i . Thus, a*p* = --pa is in 
P n P* = 0 so that PA,+< = 0 and Amfi 6 P* f~or i > 1. 
for i > 1; contrary to assumption. 
(‘ii) It suffices to show that there exists an i such that 
Suppose B, n H(T) = 0 for all i. Let Qi = {b + b*: b E Bi). P’here exists an 
m such that QZm = Qm+i for i 3 0. 
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Now Bi C B,,i + B,* for i 3 1 so that (A,+iB,) A,* = 0, and we see 
that A, _C P and A,+,B, _C P or A, _C P* and A,,,B, C P”. Continue in a 
manner similar to that of (i). 
THEOREM 4. If H(T) satis$es ACC OY DCC on quadratic ideals then I 
satis$es ACC on left annihilator ideals. 
Proof. Suppose T does not satisfy ACC on left annihilator ideals. Let 
A, CA, C ... be a properly ascending chain of left annihilator ideals and 
B,3 B,3 ... be the corresponding properly descending chain of right anni- 
hilator ideals. 
Suppose H(T) satisfies ACC on quadratic ideals. There exists an m such 
that A, n H(T) = Am+i n H(T) for all i > 0. Using Lemma G, let h be a 
nonzero element in A, n H(T) C Am+i for all i 3 0. Let y E A,+& > 0, so 
that hy + y*h is in A,+i n H(T) = A, n H(T). Thus, 0 = (hy +y*h)B, = 
W&n > since h E A, . We see that h(A,+,B,) = 0 for i > 0. But if i 3 1 
then A m+iB, # 0 and we have a contradiction to Lemma A. 
Suppose H(T) satisfies DCC on quadratic ideals. By Lemma G, 
Bi n H(T) # 0 for all i. There exists an m such that B, n H(T) = 
B,+{ n H(T) for all i > 0. Let h be a nonzero element in B, n H(T) and 
let y be an arbitrary element in B, so that yh + hy* E B, n H(T) = 
B,+i n H(T) for all i 3 0. Thus, 0 = A,+i(yh + hy*) = A,+,yh. There- 
fore, (A,+<B,)h = 0 for i > 0, contrary to Lemma A. 
THEOREM 5. If S is a *-p rime Goldie kg then the ring of quotients is a 
*-simple Artinian ying W. 
Proof. By Goldie’s theorem for semi-prime rings, W is semi-simple 
Artinian, so that W z @?YlmWi such that each Wi is a simple Artinian ring. 
Let A be a *-ideal of W. A N &“(W, n A’) where A’ is the isomorphic 
image of A in Zi* Wi . By simplicity of Wi , Wi n A’ = Wi or 0. 
We want to show A’ n Wi = Wi for i = I ,..., m. If Wi n A’ = 0 for some 
i, then B = {X E S: x(A n S) = 0} is a nonzero ideal such that B(A n S) = 0. 
But A n S is a nonzero *-ideal so that B C P n P* = 0. 
Theorem 5 completes the proof of our main theorem. 
THEOREM 6. If H satisjies either ACC OY DCC OY quadratic ideals and W 
is the ring of quotients for T, then H(W) is a Joydan ring of quotients for H. 
Proof. We embed H in H(W) by H pU H(T) +g H(W) where g is the 
isomorphism from T into W. Call this composition f. By Lemma B, all’ that 
remains to be shown is that every element in H( W) has the form U&( f(6)) 
for some a, b E H with a regular in H. 
PRIiME JORDAN RINGS 42 
Let g(x)-“g(y) be an arbitrary element in H(W). We may assume x* = x. 
g(x)-lg(y) in H(W) implies that g(x)-‘g(y) = g(y*) g(z)-” so that xy* = yx. 
Thus, ye is in H(T) so that there exist elements a, b in such that u(a) = 2x 
and u(b) = yx. 
COROLLARY. Let J be a Jordan algebra with characteristic f2 which is 
generated by I and two elements OY which is special and is generated by 1 and 
three elements. Then iI J is prime and satisjes ACC on quadratic ideals then J 
has a Jordafz ring of quotients which is isomorphic to the Jorda?z al'gebra t$ 
symmetric elements of a *-simfle Artinian ring. 
This Corollary follows from [3, Corollaries 1 and 2, p. 771 and the mair, 
theorem. 
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